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Perturbed Compressible Equations for Aeroacoustic Noise
Prediction at Low Mach Numbers
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Korea University, Seoul 136-701, Republic of Korea

A revised formulation of a hydrodynamic/acoustic splitting method is proposed for aeroacoustic noise prediction
of wall-bounded shear flows at low Mach numbers. Based on the analysis of perturbed vorticity transport equation,
a set of perturbed compressible equations (PCE) is derived to handle properly the near-field compressibility effects.
The accuracy of the formulation is verified for a dipole tone of laminar flow past a circular cylinder at freestream
Mach number M∞ = 0.3 and Reynolds number based on the cylinder diameter, ReD = 200. It is shown that the
computational results of PCE are in excellent agreement with those of direct acoustic numerical simulation (DNS)
and Curle’s acoustic analogy. Finally, the computational efficiency of the present PCE is demonstrated by employing
an acoustic grid coarser than the hydrodynamic grid such that a time step can be shared for both. It is found that
PCE is about three times faster than DNS for the present cylinder tone problem and this speed-up can be increased
up to 5–7 for Mach numbers less than 0.2.

I. Introduction

I N recent years, aeroacoustic noise prediction has progressed via
direct numerical simulation (DNS) of the compressible Navier–

Stokes equations. Because the generation and propagation of acous-
tic waves are sought as a part of the solution in addition to the
hydrodynamic field, DNS can provide the physics of aeroacous-
tics in detail. The DNS for low Mach number flows, for example,
M < 0.3, however, remains a difficult and challenging problem be-
cause a scale disparity between the speed of sound and the material
velocity restricts the time step severely.

To resolve the issue of scale disparity, a viscous/acoustic split-
ting method has been proposed by Hardin and Pope.1,2 This method
splits the DNS into the viscous/hydrodynamic and inviscid/acoustic
calculations. The viscous flowfield is computed by solving the in-
compressible Navier–Stokes equations, whereas the acoustic field
is obtained by the perturbed Euler equations (PEE). This splitting
method has further been modified by Shen and Sorenson3−5 and
Slimon et al.6,7 These methods have been quantitatively verified
for a quadruple noise generated by a spinning vortex pair6−8 in an
unbounded flow domain, but none of these methods3−6 have been
critically validated for the dipole noise from a wall-bounded shear
flow. Shen and Sorenson3,4 tested their formulation for a dipole tone
generated by vortex shedding from a circular cylinder at M∞ = 0.2
and 0.3 and ReD = 200, but the computed results have not been ver-
ified with experimental data or analytical solution. Actually, their
solution shows some numerical errors4 caused by a fundamental
deficiency of the previous viscous/acoustic splitting methods.1−7

The same dipole tone problem was also tested by Slimon et al.6 for
M∞ = 0.2 and ReD = 9 × 104 and compared with the experimental
data. The selected Reynolds number is, however, in the subcritical
regime (103 < ReD < 2 × 105), where the laminar boundary layer
on the cylinder immediately transits to turbulence and the wake
is fully three dimensional. A two-dimensional Reynolds averaged
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Navier–Stokes calculation by Slimon et al.6 cannot be considered
proper in the first place.

The perturbed quantities in the viscous/acoustic splitting method
are essentially the differences between the compressible and incom-
pressible flowfields, mainly caused by compressibility effects. The
perturbed quantities can be regarded as acoustic fluctuations at the
far field,1−7 but for noise from a wall-bounded shear flow, these
may represent more complicated features in the near field, for ex-
ample, a coupling effect between the incompressible vorticity and
the perturbed velocities. This coupling effect can be manifested sig-
nificantly in the vicinity of the wall, and so it should carefully be
handled in the splitting method, although it has not been given much
attention in previous studies.1−8

For this reason, a revised formulation of hydrodynamic/acoustic
splitting method is proposed in the present study. A set of perturbed
compressible equations (PCE) is derived to handle the near-field
compressibility (or coupling) effect properly. In the revised formu-
lation, the perturbed viscous stresses are included in the momentum
equations to handle the viscous diffusion of the perturbed vorticity
near the wall, and a new perturbed energy equation is derived in a
more formal way. In this study, the present PCE is validated for a
dipole tone of laminar flow past a circular cylinder at a freestream
Mach number M∞ = 0.3 and Reynolds number based on cylinder
diameter, ReD = 200, by comparing it with the DNS and Curle’s
acoustic analogy solutions.

In Sec. II, a DNS solution is presented for the cylinder lami-
nar tone at M∞ = 0.3 and ReD = 200. Then, the PCE is derived in
Sec. III, with an analysis of the source terms in the perturbed vor-
ticity transport equation. A high-order numerical scheme and the
boundary conditions are described in Sec. IV. In Sec. V, the PCE
is validated with the DNS and Curle’s acoustic analogy solutions,
followed by a discussion on possible error sources in the PEE, and
finally a computational efficiency of the PCE is demonstrated, using
different grids for the incompressible viscous flow and the acoustic
field, respectively.

II. DNS
Laminar flow past a circular cylinder at M∞ = 0.3 and ReD = 200

is considered for validation of the present PCE. To obtain a faithful
solution to this problem, a DNS is carried out by solving the full
compressible Navier–Stokes equations, with flow variables nondi-
mensionalized by speed of sound a∞, cylinder diameter D, density
ρ∞, pressure ρ∞a2

∞, and temperature T∞. The governing equations
are spatially discretized by a sixth-order compact finite difference
scheme9 and integrated in time using a four-stage Runge–Kutta
method. Numerical details are described in Sec. IV.
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Fig. 1 Instantaneous pressure fluctuation ∆p′(=p −− p̄) field around a
circular cylinder (DNS, M∞ = 0.3, ReD = 200, and −−50D < x, y < 50D).

Fig. 2 Instantaneous density variation along θ = 90 deg line (grid A,
401 ×× 601; grid B, 201 ×× 201; and grid C, 141 ×× 151).

A computational domain is set to r = 100D and an O-type grid is
used with 201 × 201 mesh points. An instantaneous pressure fluctu-
ation field�p′(= p − p̄) is presented in Fig. 1, where one can clearly
see the dipole acoustic wave radiation and the von Kármán vortex
street in the domain, −50D < x, y < 50D. A grid-dependency study
is also performed with three different grids: grid A (401 × 601),
grid B (201 × 201), and grid C (141 × 151). The test results are
compared in Fig. 2, which shows the instantaneous density varia-
tion along the x = 0 line above the cylinder. Notice that grids A and
B are almost identical, but some discrepancy is observed for grid C.
Therefore, grid B (201 × 201) is chosen for all other computations.

In this study, the DNS solution is validated by comparing with
the two-dimensional Curle’s acoustic analogy solution, obtained
with the surface pressure fluctuation data extracted from the DNS
solution. When only the dipole noise is considered, the modified
Curle’s solution (see Ref. 10) is written as

�p′
Curle(x, t) = 1

2
3
2 πc

1
2
θ r ′ 1

2

∫ τ

−∞

1√
τ − τ ′

∂

∂τ ′

[
x ′

i

r ′ Fi (τ
′)

]
dτ ′ (1)

where r ′ = |x ′|. τ = t − r ′/cθ , Fi are lift and drag forces, and
cθ = c∞[

√
(1 − M2

∞ sin2 θ) − M∞ cos θ ] is a correction factor to
take into account the Doppler effect. Figure 3 shows that a directivity
of the instantaneous pressure fluctuation (root mean squared), �p′

rms
at r = 60D, is very close when compared with that of the Curle’s

Fig. 3 Directivity of pressure fluctuation (rms), ∆p′
rms at r = 60D.

Fig. 4 Pressure fluctuation (rms), ∆p′
rms variation along θ = 90 deg

line.

acoustic analogy. Figure 4 shows the variation of �p′
rms along the

θ = 90 deg line, indicating that it decays as ∼r− 1
2 in the far field,

that is, r/D > 10 for this problem, strictly obeying two-dimensional
acoustic wave theory.

III. PCE
In the hydrodynamic/acoustic splitting method, the instantaneous

total flow variables are decomposed into incompressible and per-
turbed compressible varibles as

ρ(x, t) = ρ0 + ρ ′(x, t) (2)

ui (x, t) = Ui (x, t) + ui
′(x, t) (3)

p(x, t) = p(x, t) + p′(x, t) (4)

The incompressible flow variables describe unsteady viscous flow,
whereas the perturbed variables essentially represent the differences
between the compressible and incompressible flowfields. These dif-
ferences are mainly caused by compressibility effects, and the per-
turbed quantities can be regarded as acoustic fluctuations at the far
field (irrotational field, i.e., ∇ × u′ = 0). For noise from a wall-
bounded shear flow, however, these quantities could represent more
complicated features, for example, a coupling effect between the two
states. Thus, it should be handled carefully in the splitting method.

This coupling effect has not been much paid attention in the pre-
vious studies,1−7 but its role in the near-field dynamics may be
critically important, especially when an acoustic source is in the
wall-bounded shear flow. Hence, it is necessary to investigate the
dynamics of perturbed vorticity ω′ defined as

ω′ = ∇ × u′ (5)
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Because the velocity field is linearly decomposed, the vorticity field
in the compressible flow can also be linearly decomposed into the
incompressible and perturbed compressible variables:

ω(x, t) = Ω(x, t) + ω′(x, t) (6)

To derive a transport equation of ω′, the compressible and incom-
pressible vorticity transport equations are considered. The vorticity
transport equations are written as

∂ω

∂t
+ (u · ∇)ω= −ω(∇ · u) + (ω · ∇)u

+ ∇ × Fvis,C − ∇ ×
(

1

ρ
∇p

)
(7)

∂Ω
∂t

+ (U · ∇)Ω= (Ω · ∇)U + ∇ × Fvis,I (8)

where Fvis,C and Fvis,I are the compressible and incompressible
viscous force vectors, respectively. When Eq. (6) is substituted into
Eq. (7) and Eq. (8) is subtracted from Eq. (7), a perturbed vorticity
transport equation is derived as

∂(ω′/ρ)

∂t
+ (u · ∇)

(
ω′

ρ

)
= 1

ρ
[(Ω · ∇)u′ + (ω′ · ∇)u]

− 1

ρ
[(u′ · ∇)Ω+Ω(∇ · u′)] + 1

ρ
∇ × F′

vis + 1

ρ3
(∇ρ × ∇p)

(9)

where F′
vis = Fvis,C − Fvis,I . For a two-dimensional flow, Eq. (9) can

be reduced to

∂(ω′/ρ)

∂t
+ (u · ∇)

(
ω′

ρ

)
= − 1

ρ
[(u′ · ∇)� + �(∇ · u′)]

+ 1

ρ
∇ × F′

vis + 1

ρ3
(∇ρ × ∇p) (10)

where ω′ and � are the surface normal components of the vorticity
vectors.

The first three terms on the right-hand side of Eq. (10) are consid-
ered important when noise is generated by vortex motions near the
wall. These terms will act as a source for production and decay of
ω′. The first two terms are related to the coupling effect between the
incompressible vorticity field � and the perturbed velocity field u′.
More specifically, the first term, (u · ∇)�, represents the convection
of incompressible vorticity � by the perturbed velocity u′ and the
second term, � (∇ · u′), is associated with the effect of dilatation
rate. The third term is responsible for the molecular diffusion of ω′

by the perturbed viscous force F′
vis.

In the previous viscous/acoustic splitting methods,1−7 the PEE
were derived, dropping off the viscous terms. Hence, near the wall
where � is most intensive, PEE with a slip-wall boundary condition
could excessively generate ω′ through the coupling effect between
� and u′ by the production term (u′ · ∇)�. Moreover, a disregard
of viscous diffusion term would not provide any physical diffusion
mechanism for ω′ in the near field. Therefore, the false behavior of
the excessively generated ω′ field could seriously affect the acoustic
far field. The effect of dilatation rate is, on the other hand, expected
to be weak for the present low-Mach-number flow applications.
Only a two-dimensional flow case is discussed so far, but one can
expect an additional coupling effect from the vortex stretching in
the three-dimensional cases. More detailed analysis on this issue
will be presented in Sec V.

For the aforementioned reasons, an introduction of perturbed vis-
cous stress τ ′

i j [which appears as F′
vis in Eq. (10)] will not only prop-

erly diffuse the ω′ field but also provide a physical basis for using a
no-slip boundary condition for u′

i at the wall. The no-slip boundary
condition will not generate ω′ at the wall by the production term
(u′ · ∇)�. In addition, a viscous layer of u′ will be formed near
the wall so that the production of ω′ by (u′ · ∇)� would not be as

excessive as in the case of PEE. The effect and role of perturbed
viscous stresses will also be discussed in Sec V.

Based on the analysis of perturbed vorticity dynamics at the near
field, the perturbed continuity and momentum equations are derived
as

∂ρ ′

∂t
+ ∂

∂xi
(ρu′

i + ρ ′Ui ) = 0 (11)

∂(ρu′
i + ρ ′Ui )

∂t
+ ∂

∂x j
[u j (ρu′

i + ρ ′Ui )]

+ ∂

∂x j
(ρ0Ui u

′
j ) + ∂p′

∂xi
= ∂τ ′

i j

∂x j
(12)

In the present formulation, the perturbed viscous stresses τ ′
i j are

retained in the perturbed momentum equations, which are defined
as differences between the compressible and incompressible vis-
cous stresses. If the viscosity parameter is assumed constant as
µ ≈ µ0 = µ∞ at low Mach numbers, then the perturbed viscous
stresses can be simplified to a form similar to the compressible vis-
cous stresses:

τ ′
i j = µ0

(
∂u′

i

∂x j
+ ∂u′

j

∂xi
− 2

3

∂u′
k

∂xk
δi j

)
(13)

To close the PCE, an energy equation is needed for the perturbed
properties. Derivation of this equation is not obvious because there
is no related incompressible counterpart. Therefore, previous re-
searchers derived it through various modelings or simplifications of
the flowfield.1−6 In the present study, a more general and accurate
form is derived with the compressible thermal energy equation. The
compressible thermal energy equation is written as

∂

∂t

(
p

γ − 1

)
+ u j

∂

∂x j

(
p

γ − 1

)
+ γ p

γ − 1

∂u j

∂x j
= φ − ∂q j

∂x j
(14)

where ϕ is a viscous dissipation term and q j is the heat flux. When
variable decomposition is applied to Eq. (14), a perturbed energy
equation is then derived as

∂p′

∂t
+u j

∂p′

∂x j
+γ p

∂u′
j

∂x j
= −

(
∂ P

∂t
+ u j

∂ P

∂x j

)
+(γ −1)

(
φ − ∂q j

∂x j

)

(15)

Because there are no terms neglected or modeled, Eq. (15) can be
considered as a general form of the perturbed energy equation for p′.
To use Eq. (15), the incompressible pressure field must be rescaled
as P∞ = ρ0a2

∞/γ .
Finally, a set of PCE can be expressed in nonconservative form

as

∂ρ ′

∂t
+ u j

∂ρ ′

∂x j
+ ρ
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j

∂x j
= 0 (16)
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∂x j
+ γ p

∂u′
j

∂x j
+ u′

j

∂ P

∂x j
= −DP

Dt
+ (γ − 1)

(
φ − ∂q j

∂x j

)

(18)

where D/Dt = ∂/∂t + U j∂/∂x j .
The incompressible Navier–Stokes equations and the PCE are

a two-step splitting approach to the direct simulation of the full
compressible Navier–Stokes equations, and the term DP/Dt on the
right-hand side of Eq. (17) is considered as the only explicit connect-
ing chain between the incompressible Navier–Stokes equations and
the PCE. Even though the last two terms on the right-hand side of
Eq. (18) are retained as a formal expression for the perturbed energy
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equation, the effects of these terms are expected to be insignificant
in the low-Mach-number flow applications with no thermal effect.
Also note that the perturbed quantities are not easy to be compre-
hended because they represent diverse compressibility effects. Thus,
they should be reconstructed into the total flow variables, to have a
physical meaning.

IV. Computational Methods
The governing equations are spatially discretized with a sixth-

order compact finite difference scheme9 to avoid excessive numeri-
cal dissipations and dispersions errors. A first derivative with respect
to x is calculated implicitly with a five point stencil via

α f ′
i − 1 + f ′

i + α f ′
i + 1 = a

fi + 1 − fi − 1

2�x
+ b

fi + 2 − fi − 2

4�x
(19)

where α = 1/3, a = 14/9, and b = 1/9.
The governing equations are transformed into the curvilinear co-

ordinates using a Jacobian transformation, and the metrics are also
calculated by the compact scheme to retain the order of accuracy.11,12

The equations are integrated in time by a four-stage Runge–Kutta
method and a 10-order spatial filtering proposed by Gaitonde et al.13

is applied every iteration to suppress the high-frequency errors that
might be caused by grid nonuniformity.

At the far-field boundaries, Freund’s buffer zone-type boundary
condition14 is employed to handle the outgoing acoustic waves. At
the solid wall, a no-slip boundary condition is used for the incom-
pressible viscous flow calculation (U = V = 0, ∂ P/∂n = 0) and also
for the DNS and PCE calculations with an adiabatic wall treatment,
for example, PCE, u′ = v′ = 0, ∂p′/∂n = 0, and ∂ρ ′/∂n = 0. The in-
compressible Navier–Stokes equations are time accurately solved by
a projection-method-based algorithm.15 The PCE calculation starts
with an incompressible flow solution once a periodic stage is devel-
oped, and an initial condition of u′

i = 0, p′ = 0, ρ ′ = (P − P∞)/a2
∞

is used for PCE.

V. Results and Discussion
A. Validation of PCE

A dipole tone of laminar flow past a circular cylinder at M∞ = 0.3
and ReD = 200 is considered for validation of the present PCE.
A computational grid (201 × 201), with which the incompressible
Navier–Stokes equations are solved, is also used in the PCE calcu-
lation, to exclude any possible interpolation error between the two
grid systems for flow and acoustics. For comparison, the acoustic
field is also calculated with PEE.3,4

The instantaneous pressure fluctuation �p′ fields from DNS,
PCE, and PEE are presented in Fig. 5. For PCE and PEE, �p′

is defined as

�p′ = (P + p′) − (P + p′) (20)

where the overbar indicates a time-averaged quantity.
The PCE solution is in excellent agreement with the DNS solu-

tion, whereas the PEE yields an acoustic field noticeably different
from them. In the PEE solution, the computed vortices are very irreg-
ular, and the acoustic field is considerably affected by their motions
around the cylinder as well as in the downstream wake. The time
history of �p′ at r = 60D and θ = 90 deg (Fig. 6) also shows that
the PEE exhibits quite irregular pressure fluctuations with an unex-
pected low-frequency component,4 whereas the PCE solution is in
excellent agreement with the DNS solution. Variation of �p′ along
the θ = 90 deg line and the directivity of �p′

rms at r = 60D are also
compared in Fig. 7 between the solutions of DNS, Curle’s acoustic
analogy, PCE, and PEE. Figure 7 shows that the PCE solution agrees
very nicely with the DNS and Curle’s acoustic analogy solutions,
whereas there is a substantial amount of deviations found in the PEE
solution.

Now, it is necessary to investigate why PEE yields such a devi-
ated acoustic solution. Because the cylinder tone strongly depends
on the characteristics of vortex shedding, it is conjectured that ir-
regular fluctuations of acoustic pressure in PEE are due to the false

a) DNS

b) PCE

c) PEE

Fig. 5 Instantaneous pressure fluctuation ∆p′ around circular cylin-
der (M∞ = 0.3, ReD = 200, 20 contours between −−0.002 and 0.002).

behavior of excessively generated perturbed vorticity ω′ near the
cylinder as well as due to the fact that there was no proper dif-
fusion of ω′. Figure 8 shows the contours of perturbed vorticity
field and its production terms (u′ · ∇)� and �(∇ · u′) for PCE
and PEE. Notice that the perturbed vorticity field near the cylin-
der is mainly generated by the production term (u′ · ∇)�, that is,
convection of incompressible vorticity � by perturbed velocity u′,
whereas the effect of dilatation rate �(∇ · u′) is very small. Be-
cause the PEE calculation was conducted with a slip-wall boundary
condition, the production of ω′ by (u′ · ∇)� is most intensive near
the wall (Fig. 8b). This will then eventually lead to generation of
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a) DNS

b) PCE

c) PEE

Fig. 6 Time history of instantaneous pressure fluctuation ∆p′ at
r = 60D and θ = 90 deg.

spurious perturbed vorticity fields around the cylinder, as well as in
the downstream wake, shown in Fig. 8a. Notice that the perturbed
vorticity field predicted by PEE already appears to be close to the
incompressible vorticity field around the cylinder. The PCE result,
however, shows that there is no significantly generated ω′ field near
the cylinder by (u′ · ∇)�.

In Fig. 9, the reconstructed compressible vorticity fields
(ω = � + ω′) calculated by PCE and PEE are compared with that
of DNS. The compressible vorticity field predicted by PCE appears
almost identical to the DNS solution, but the PEE solution shows the
compressible vorticity field considerably modified by false genera-
tion of ω′ near the cylinder. This is due to the unphysical production
of ω′ and the lack of its diffusion. The present comparison indicates
that 1) the coupling effect between the incompressible vorticity and
the perturbed velocities must be treated carefully in the hydrody-

a) Instantaneous pressure fluctuation ∆p′ variation along the
θ = 90 deg line

b) Directivity of pressure fluctuation (rms) ∆p′
rms at r = 60D

Fig. 7 Comparison of pressure fluctuation ∆p′.

namic/acoustic splitting method and 2) the near-field dynamics of
perturbed vorticity is correctly handled by the present PCE.

Figure 10 also shows the instantaneous compressible flowfields
of density, pressure, and temperature reconstructed by the perturbed
solutions of PCE with the incompressible flow solution. The near-
field compressible flowfields are found to be quite close when com-
pared with the DNS solution. Figure 10 indicates that the density
and temperature fields are also well captured by the present new
perturbed energy equation. This remarkable achievement of PCE is
due to the inclusion of perturbed viscous stresses and the new per-
turbed energy equation, both of which greatly contribute to improve
the near-field compressibility effects.

B. Computational Efficiency of PCE
The main advantage of the hydrodynamic/acoustic splitting

method is that one can use different grids for hydrodynamic and
acoustic calculations. Because an acoustic length scale is much
larger than the hydrodynamic at low Mach number, use of a fine
hydrodynamic grid with a rather coarse acoustic grid is preferred
so that a proper selection of minimal grid size for the acoustic grid
allows the hydrodynamic and acoustic calculations to have the same
time step. The DNS calculation may suffer from the time step being
severely restricted by a Courant–Friedrichs–Lewy (CFL) condition.

In this study, the hydrodynamic calculation was performed
with the DNS grid (201 × 201), whereas the PCE is solved on a
coarse acoustic grid (121 × 151) with a minimal normal spacing of
�rmin,A(= �rmin,H /M∞) (Fig. 11). This allows the hydrodynamic
and acoustic calculations to share the same time step and, conse-
quently, speeds up the acoustic calculation of the present test prob-
lem at M∞ = 0.3. Here, the subscript A denotes acoustic and H
denotes hydrodynamic. For PCE calculation, a linear interpolation
method16 based on a conservation principle is also used to transfer
the incompressible flow variables from the fine hydrodynamic grid
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a) ω′ contours

b) (u′ · ∇)Ω contours

c) Ω(∇ · u′) contours

Fig. 8 Contours of instantaneous perturbed vorticity and its source terms (contour level difference, 0.1): left, PEE and right, PCE.

to the coarse acoustic grid. The computational results of PCE with
the coarse acoustic grid are presented in Figs. 12–14. Figure 12
shows that the instantaneous pressure fluctuation contours are very
close compared with the DNS solution, except that some small high-
frequency fluctuations are observed in the near field. This is caused
by a rapid diffusion of vortices in the wake region due to the grid
coarseness. The amplitudes and wave length of pressure flucutation
along the θ = 90 deg line are also in excellent agreement with the
DNS solution, and the perturbed vorticity field around the cylinder
is well resolved on the coarse acoustic grid, as shown in Figs. 13
and 14.

The computational efficiency of the present PCE is now shown
by estimating the computation time required for each method: DNS,
incompressible Navier–Stokes (INS), and PCE with fine and coarse
grids. For example, total computation time T required for obtaining

an acoustic field from a time-periodic flow may be expressed as

T = TD + TP = (α + 1)NtP (21)

where TD and TP are, respectively, the computation time required
for the development of a periodic stage and for a whole span of
periodic stage of one’s interest and α is a ratio between TD and TP ,
which is a problem-dependent constant. Also, tP is the computation
time for one period of flow unsteadiness, and N is a number of
periods in TP .

If tI is the computation time per iteration and n is the number
of iterations per period (based on a time step for INS), then the
computation time for one period required by INS is written as

tP,INS = ntI,INS (22)
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a) DNS (ω)

b) PCE (ω = Ω +ω′)

c) PEE (ω = Ω +ω′)

Fig. 9 Contours of instantaneous compressible vorticity (20 contours
between −−1.0 and 1.0).

a) Density

b) Pressure

c) Temperature

Fig. 10 Comparison of instantaneous compressible near fields [PCE, reconstructed from p = P + p′, ρ=ρ0 +ρ′, and T =γ(P + p′)/(ρ0 +ρ′)]: left, DNS
and right, PCE.

For DNS and PCE with the fine grid, however, the number of iter-
ations for one period increases 1/M∞ times, because the time step
is restricted M∞ times by the numerical stability condition. Hence,

tP,DNS = (n/M∞)tI,DNS, tP,PCE( f ) = (n/M∞)tI,PCE( f ) (23)

For PCE with coarse grid, if one enlarges the minimal grid spacing
1/M∞ times so that the time step of PCE can be comparable with
that of INS, then

tP,PCE(c) = ntI,PCE(c) (24)

The total computation time required for DNS and PCE for fine and
coarse grids can be written as

TDNS = (α + 1)N (n/M∞)tI,DNS

TPCE( f ) = αNntI,INS + N (n/M∞)
(
tI,INS + tI,PCE( f )

)

TPCE(c) = αNntI,INS + Nn
(
tI,INS + tI,PCE(c)

)
(25)

Now, a speed-up factor of PCE is defined for fine grid as

�PCE( f ) = TDNS

TPCE( f )

= (α + 1)tI,DNS

(αM∞ + 1)tI,INS + tI,PCE( f )

(26)

and for coarse grid as

�PCE(c) = TDNS

TPCE(c)
= 1

M∞

(α + 1)tI,DNS

(α + 1)tI,INS + tI,PCE(c)
(27)

Figure 15 shows speed-up factors for PCE with fine and coarse
acoustic grids, using tI,DNS, tI,INS, tI,PCE( f ), and tI,PCE(c) listed in
Table 1 for the present cylinder tone problem. Notice that the PCE
with fine grid is only efficient for large α, regardless of M∞,
whereas the PCE with coarse grid tends to be more efficient as
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Table 1 CPU time for each methoda

Time step corresponding CPU time for
to CFL = 0.5 CPU time for one development of

CPU time per (nondimensionalized by period of vortex periodic vortex
Method iteration, s D/U∞)b shedding (5D/U∞), s shedding, s

DNS 0.424 1.5 × 10−3 1413 14130
(201 × 201)

INS 0.377 5 × 10−3 377 3770
(201×201)

PCE (fine grid) 0.597 1.5 × 10−3 1992 ——
(201 × 201)

PCE (coarse grid) 0.217 5 × 10−3 217 ——
(121 × 151)

aPentium 4 processor, 2.4 GHz. b CFL = U∞�t/�x for INS; CFL = U∞�t/(M∞�x) for DNS and PCE.

a) Hydrodynamic grid b) Acoustic grid

Fig. 11 Fine hydrodynamic and coarse acoustic grids.

a) DNS b) PCE (coarse acoustic grid)

Fig. 12 Contours of instantaneous pressure fluctuation ∆p′ around a circular cylinder (M∞ = 0.3, ReD = 200, 20 contours between −−0.002 and 0.002).

M∞ approaches zero, regardless of α. In fact, �PCE(c) is inversely
proportional to M∞, reaching infinity at the incompressibility limit.
This is, however, only true if the minimal grid spacing is enlarged
1/M∞ times. In practice, one must use a limiting factor Kmax for
enlargement of the minimal grid spacing. The speed-up factor of
PCE for coarse grid can be modified as

�PCE(c),lim = (α + 1)tI,DNS

(αM∞ + 1/k)tI,INS + (1/k)tI,PCE(c)
(28)

where k = min(1/M∞, Kmax). The modified speed-up factor is
shown in Fig. 15 for Kmax = 5. In this case, the minimal grid spac-
ing of the coarse acoustic grid is limited to be enlarged five times
that of the fine hydrodynamic grid, that is, �rmin,A = �rmin,H /M∞
for M∞ > 0.2 and �rmin,A = 5�rmin,H for M∞ ≤ 0.2. If this grid

is used for PCE, then the speed-up factor is approximately in the
range of 5–7 for M∞ < 0.2 (with α = 1). In the present test case
(M∞ = 0.3 and α = 1), the computational efficiency of PCE was
not achieved with fine grid, that is, �PCE( f ) = 0.8, whereas the PCE
with coarse grid is approximately three times faster than the DNS,
that is, �PCE(c) = 2.91.

The computed results clearly illustrate that a consistent acoustic
solution can be obtained by PCE with the coarse grid, exploiting
the grid-splitting concept, which is considered a unique feature of
the viscous/acoustic splitting method. It is also well demonstrated
that significant computational efficiency can be achieved by PCE,
and this efficiency will be greatly appreciated in three-dimensional
turbulent flow noise prediction cases. A numerical study on the
selection of optimal grid for acoustic calculation will be pursued
further.
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Fig. 13 Instantaneous pressure fluctuation ∆p′ variation along the
θ = 90 deg line.

a) Fine acoustic grid

b) Coarse acoustic grid

Fig. 14 Contours of instantaneous perturbed vorticity (20 contours
between −−1.0 and 1.0).

Fig. 15 Speed-up factor Ψ of PCE (f , fine acoustic grid; c, coarse
acoustic grid; and lim, with limiter).

VI. Conclusions
In the present study, it is shown that for noise from a wall-bounded

shear flow at low Mach number a coupling effect between the in-
compressible vorticity and the perturbed velocities can significantly
be manifested near the wall through the convection of incompress-
ible vorticity � by the perturbed velocity u′. For this reason, the
PEE used in previous splitting methods yield acoustic solutions sig-
nificantly affected by false generation of perturbed vorticity near

the wall through the coupling effect. It is also shown that this cou-
pling effect is mainly caused by a production term (u′ · ∇)� in the
perturbed vorticity transport equation.

To handle properly the near-field compressibility effect, a set of
PCE is proposed. The PCE is validated for a dipole tone of laminar
flow past a circular cylinder at M∞ = 0.3 and ReD = 200. The com-
putational results show that not only the far-field acoustics but also
the reconstructed compressible near fields are in excellent agreement
with the DNS solution that was also validated by Curle’s acous-
tic analogy solution at r = 60D. At the same time, a substantial
amount of deviations are found in the PEE solution. This remark-
able achievement of PCE is due to the perturbed viscous stresses
included in the momentum equations and a new perturbed energy
equation, both of which greatly contribute to improve the near-field
compressibility effect.

Finally, the computational efficiency of the present PCE is demon-
strated by employing an acoustic grid coarser than the hydrodynamic
grid such that a time step can be shared for both. According to a
speed-up factor of PCE derived by estimating the computation time
required for DNS, INS, and PCE with fine and coarse grids, the PCE
with coarse grid is approximately three times faster than the DNS
for the present cylinder tone problem and the speed-up factor can
be increased up to 5–7 for Mach number less than 0.2.
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